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Abstract 

Singular Finsler metrics, such as Kropina metrics and m-Kropina metrics, have a 
lot of applications in the real world. In this paper, we classify a class of singular (a, /?)- 
metrics which are locally projectively flat with constant flag curvature in dimension 
n = 2 and n > 3 respectively. Further, we determine the local structure of m-Kropina 
metrics and particularly Kropina metrics which are projectively flat with constant 
flag curvature and prove that such metrics must be locally Minkowskian but are not 
necessarily flat-parallel. 
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1 Introduction 

In Finsler geometry, the flag curvature is a natural extension of the sectional curvature in 
Riemannian geometry. The flag curvature of a Finsler metric on a manifold M is a scalar 
function K = K(ar, y, P) of a tangent plane P C T X M and a non-zero vector y E P. It 
is said to be of constant flag curvature if K is a constant, and isotropic flag curvature if 
K = K(.t). The Schur Theorem shows that K = constant if K = K(x) and the dimension 
n > 3. The Beltrami Theorem says that a Riemannian metric is of constant sectional 
curvature if and only if it is locally projectively flat, that is, geodesies are straight lines 
locally. However, locally projectively flat Finsler metrics are not necessarily of constant 
flag curvature or isotropic flag curvature (generally are of scalar flag curvature, namely, 
K = K(x, y) independent of P). On the other hand, it is easy to prove that any two- 
dimensional projectively flat Finsler metric with isotropic flag curvature is of constant flag 
curvature. 

An (a, ff) -metric is defined by a Riemannian metric a = -J ' aij{x)y' l yi and a 1-form 
(3 = bi(x)y t on a manifold M, which can be expressed in the following form: 

F = atfi(s), s = /3/a, 

where </>(s) is a C°° function on (— b , b ). It is known that F is a regular Finsler metric for 
any (a,/3) with \\/3\\ a < b if and only if 

0(a) >0, 4>(s)~scb'( S ) + (p 2 - S 2 )cb"(s) >0, (|s|<p<6 ), (1) 

where b D is a constant Ql2j). In this paper, we do not assume the regular condition, and 
we will study a class of singular (a, /3)-metrics satisfying (Q} below. Singular Finsler metrics 
have a lot of applications in the real world (pQ [2] ). Z. Shen also introduces singular Finsler 
metrics in [13J . 
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A Randers metric is in the form F = a + j3, which is a special (a, /3)-metric. It is proved 
in [10] that a Randers metric F = a + /3 is projectively flat with constant flag curvature 
if and only if F is locally Minkowskian (equivalently flat-parallel, that is, a is flat and (3 is 
parallel with respect to a) or after scaling, a and /3 can be locally written as 



y/(l-\x\ 2 )\y\ 2 + (x,y) 2 / (x,y) (a,y) 

a = ■ — — 
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where a € J2" is a constant vector. The Randers metric F = a + f3 defined by @ is of 
constant flag curvature K — —1/4. 

It is proved in [15] that an (a, /3)-metric in the form F — (a + ft) 2 jet is projectively 
flat with constant flag curvature if and only if F is locally Minkowskian (equivalently flat- 
parallel) or after scaling, a and f3 can be locally written as, 



a _ } y^~\x\ 2 )\y\ 2 + (x'yj 2 Q __^f (x,v) , ja,y) 



where 



A . = (l + (a,x)) 2 



The metric F = (a + f3) 2 /a defined in ([3]) is of zero flag curvature (see [8]). 

In 13 , Z. Shen gives the Taylor expansions for x-analytic projectively flat metrics F = 
F(x,y) of constant flag curvature K. For some suitable choices of K, ip(y)(= F\ x= q) and 
<p(y)(= F x ky k / (2F)\ x= o) , one can easily get the projectively flat Finsler metrics of constant 
flag curvature K = K in ([2]) and ([3]). 

In [5], the authors classify projectively flat (a, /3)-metrics of constant flag curvature in 
dimensions n > 3 and (f)(0) — 1. They show that such (a, /3)-metrics must be flat-parallel, 
or after a suitable scaling, isometric to the metrics in © or ©. When n = 2 and <fi(0) = 1, 
the present author shows the essentially same conclusions (see |16j). 

For an (a, jS) -metric F = a<fi((3/a), if 0(0) > 0, then generally F is regular. However, if 
(f)(0) = or (f)(0) is not defined, then (f> does not satisfy ([TJ and in this case F is singular. 
In this paper, we assume <p(s) is in the following form 

(f>(s) := cs + s"V(s), (4) 

where c, m are constant with m ^ 0, 1 and ip(s) is a C°° function on a neighborhood of 
s = with <^(0) = 1, and further for convenience we put c = if m is a negative integer. If 
r7i = 0, we have (f>(0) = 1 and this case appears in a lot of literatures. When m > 2 is an 
integer, ^ is equivalent to the following condition 

(f)(0) = 0, (fe) (O) = (2 < ft < to- 1), (f> (m) (0) = ml. 

Another interesting case is c = and tp(s) = 1 in ((31), and in this case, F = ct(f>(s) is called 
an m-Kropina metric, and in particular a Kropina metric when m = — 1. 

In [IT] [18], the present author classifies the (a, /3)-metric F = ce(j)(j3/a) which is Dou- 
glasian and locally projectively flat respectively, where (f>(s) satisfies (|4]). In this paper we 
prove the following theorem: 

Theorem 1.1 Let F = ct(f>(s), s = /3/a, be an (a, /?) -metric on an open subset U of the 
77- dimensional Euclidean space R n , where (f>(s) satisfies O). Then F is projectively flat with 
constant flag curvature K if and only if one of the following cases holds 
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(i) (n>2)F is flat-parallel, namely, a is flat and f3 is parallel with respect to a. 

(ii) (n > 2) F is given by 

F = (3 m (a 2 + kf3 2 )^, (5) 

which is projectively flat with K = 0, where k is a constant. In this case, F is locally 
Minkowskian, but generally are not flat-parallel. 



(iii) (n — 2) F is given by 

F 2b 



1 - kb 2 



{&V " 2 - k/3 2 - y/b 2 a 2 - /3 2 }, (6) 



which is projectively flat with K < 0, where b — \\/3\\ a and k are two constants with 
k^l/b 2 . 

(iv) (n — 2) F is given by 



Ab 2 ( by/a 2 - k/3 2 - y/b 2 a 2 - /3 2 ) 
~ (1 - kb 2 ) 2 y/a 2 - kf3 2 ' ( } 

which is projectively flat with K = 0, where b — \\/3\\ a and k are two constants with 
k ^ 1/b 2 . 

The metric F in Theorem I l.lf i) is a special locally Minkowskian metric. Since F is never 
Riemannian, an easy proof shows that a is flat if /3 is parallel with respect to a. 

Note that in dimension n = 2, the term \Jb 2 a 2 — j3 2 is actually a 1-form. Therefore, the 
metric in (|6]) is essentially a Randers metric F — a + j3 when k < 1/b 2 , where 

2b 2 rs t-^t ^ 2b 



Va 2 - kfi 2 , p;=-——^b 2 a 2 -P 2 . 



' l-kb 2V r ' ' ' 1 - kb 2 

The metric in ([7]) is essentially the type F = (a + (3) 2 /a when k < 1/b 2 , where 

46 4 , ~ 46 3 , 

: ^a 2 -kf3 2 , 13:=--^ —. j-^V^a 2 - f3 2 . 



' (1 - kb 2 ) 2 v r ' H ' (1 - kb 2 f 

Thus according to [5] , QZ3] and [H] , the local structures of the (a, /3)-metrics in ^ and ([7]) 
can be determined. 

As seen above, F = a + /3 or F~ (a + (3) 2 /a 2 is locally Minkowskian if and only if F is 
flat-parallel. However, the metric in ([5]) is not necessarily the case. When k > —1/b 2 , the 
metric in ([5]) is essentially an m-Kropina metric, 



F^/^a 1 -™, (a:= y/a 2 + k/3 2 , j3 := /3). 

Now for an m-Kropina metric (we may put k = in ([5])), we can determine its local structure 
as follows. 

Theorem 1.2 Let F = ^a 1 ^" 1 be an m-Kropina metric, where m ^ 0,1. Suppose F 
is locally projectively flat with vanishing flag curvature. Then F can be written as F = 
a j3 m , where a is flat and /3 is parallel with respect to a, and thus a and ft can be locally 
written as 

5=12/1, P=y 1 - (8) 
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Further a, ft are related with a, ft by 

a = r)^a, ft = rjft, (9) 

where r\ = T)(x) > is a scalar function. Obviously F is locally Minkowskian, but generally 
not flat-parallel. 

In [5], the authors claim that for a projectively flat Kropina metric F = a 2 / ft with 
vanishing flag curvature, a must be flat and ft must be closed. However, Theorem 11.21 shows 
a different conclusion. By ([9]), generally a is not flat and ft is not closed since r\ can be 
arbitrary. 

In Theorem ll.21 if m 7^ —1, we can obtain the same conclusion under weaker conditions — 
F is only assumed to be Douglasian if n = 2 (see [T8] ) , or F is only assumed to be locally 
projectively flat if n > 3 (see [IT]), or F is only assumed to be of constant /scalar flag 
curvature for n > 3 ([T9j). 

The general characterization for the metric F in ([5]) which is locally projectively flat 
with vanishing flag curvature is given by the equations fl2T)|) - (j2"3"]) below with P = 0, where 
we should note that if we put m = -1 in ([2"0 j) -(|2"3" ]) . then we get dT3J), flU}, (J35| and ([55]) 
with /i = — 26 2 r. But it seems difficult to obtain their local solutions. 



2 Preliminaries 

In local coordinates, the geodesies of a Finsler metric F = F(x, y) are characterized by 

+ 2G i ( iB ,^-) = 0, 



rff 2 v ' eft 

where 

1 



K= (11) 



G i := -g il {[F 2 ] x k y iy k — [F 2 ] x i}. (10) 

The local functions G % are called the spray coefficients of F. A Finsler metric F is said to 
be projectively flat in U, if there is a local coordinate system (U,x l ) such that G l = Py l , 
where P — P(x, y) is called the projective factor. In this case, the scalar flag curvature K 
is given by 

P 2 -P x uy k 
F 2 

Consider an (a, /3)-metric F = a<p(s), s — ft /ex. Let V/3 = bi\jy l dx J denote the covariant 
derivatives of ft with respect to a and define 

where b % := a^bj and (a u ) is the inverse of (a™). Then by (fTU|) . the spray coefficients G* of 
F are given by ([3] 0] [5] [7J [TJ] [12]): 

G J = Gj, + aQsl + a- 1 6(-2ags + r 00 )^ + *(-2aQs + r 00 )6\ (12) 

where sj = a lk s k j,s % = s\y k , s 4 = & fc s fci , so = and 
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By (|12l) . it is easy to sec that if a is projectively flat and j3 is parallel with respect to a 
(rjj = 0, Sij = 0), then F — a(j)(/3/a) is projectively flat. 

In this paper, our proof is based on the following theorem. 

Theorem 2.1 ([T7] [TB]) Let F — a<j)(s), s = (3/a, be an {a, ff) -metric on an open subset 
U C R n . Suppose that j3 is not parallel with respect to a and </> satisfies |^]). Let G l a be the 
spray coefficients of a. Then F is projectively flat in U with G l = P[x,y)y % if and only if 
one of the following cases holds: 

(i) (n>2) For a 1-form p = pi(x)y % , 4>(s), j3 and G % a satisfy 

m = ks+ 1 -, Sij = biSj - bjSi , as) 

s b l 
where k is a constant. In this case, the projective factor P is given by 

p = p - b^\c^ a2 - c ^ +r ^Y (15) 

(ii) (n > 2) For a 1-form p = pi(x)y l and a scalar r = t(x), (j>(s), j3 and G l a satisfy 

(j)( s ) = ais + s m {l + ks 2 ) 1 ^ ± , (16) 
bi\j = 2T{mb 2 aij - (m + l + kb 2 )bibj}, (17) 
G\ = py l -T(ma 2 - k/3 2 )b\ (18) 

where a\ and k are constant. In this case, the projective factor P is given by 

P = p + ra{s(-m + ks 2 ) - s 2 (l + ks 2 )^-} (19) 
(hi) (n>2) For a 1-form p = pi(x)y l and a scalar t = t(x), 4>(s), j3 and G l a satisfy 



biSj — b. 



4>{s) = s m (l + ks 2 )^, Sij = Ui ° j b2 UjSi , (20) 
Tij 2r{mb 2 a i3 - (m + 1 + kb 2 )bibj] — 2 (h,Sj + bjSi), (21) 

where k is a constant. In this case, the projective factor P is given by 

2 777, 

P = p-2m T f3-- —s . (23) 

(to — l)b A 

(iv) (n — 2 ) For a 1-form p — pi(x)y l and a scalar r = t(x), <p(s), j3 and G l a satisfy 

«.) - rf V ^£ F _L F7; (- 7 l=) -V (24) 

Tij = -jpihsj +bjSi), (25) 
r i i ( m - 2)a 2 + k(3 2 . 

G a = py -, tt75 s ' ( 26 

(m — Ijtr 
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where k is a constant. In this case, the projective factor P is given by 

P = P+ {m-l)bM ks2 - 1] J - ^ + 2 K (27) 

(v) (n = 2) For a 1-form p = p{{x)y l and a scalar r = t(x), </>(s) and f3 satisfy 

4>(s) = fe^+^ + l, (28) 
s s° 

fSfri 4- k 2 )^ — 4 

r l3 = -2r{ib 2 a l3 + (fc 2 6 2 - 2)6,6,-} + 1 ^ + 2 ^ &2) (b iSj + b jSi ), (29) 
Gi = py i + r(W + k 2 p)V + { 8( i Vfc^) < 36V ~ ^ 

where k\, k 2 are constant satisfying 1 + fc 2 6 2 ^ 0. In i/ws case, £/ie projective factor P 
is given by 



p = p+ M 3 -^r4iw)} +( ^ +TK (31) 

4/3 2 (2/3 2 - 6 2 a 2 ) + 36 4 (a 4 + c/3 4 ) + fc 2 6 2 /3 2 (66 2 a 2 + A(3 2 + 3k 2 b 2 fi 2 ) 



T 



8b 2 (l + k 2 b 2 ) [a 4 + cf3 4 + k 2 /3 2 (2a 2 + k 2 P 2 )] 



3 The first class in Theorem 12.11 

In this section, we study the property of the (a, /3)-metric determined by (|13p and (I14[) in 
Theorem O 

Proposition 3.1 Lei F ~ k(3 + a 2 / (3, where k is a constant, be an n- dimensional (a,(3)- 
metric which is projectively flat with constant flag curvature K . Then we have K = 0, and 
then F is locally Minkowskian. 

Proof. We only need to assume that j3 is not parallel with respect to a. The projective 
factor P is given by ([15)) . By (TT4"|) we get 

h r 2 ~i „ (cs 2 — l)s a — sr o ,„„. 
a := a xfc / = a* r y r -G J Q = 2pa + i ^ -. (32) 

Now it follows from (JT^J) an d ([Ml) that there holds 

k sa r m + 2b. b G l a s[(cs 2 - l)s a - sr 00 ] 

s x k U = 1 = Tt • i 66 ) 

a a o a 

Then plug <j>(s) = ks + l/s, ([IB]). (|32|) and (03} into ([TT]) and thus (JTJJ can be written in 
the following form 

A^ 2 + Kb 4 a 8 = 0, (34) 

where Ai is a homogeneous polynomial in (y l ) of degree six. Clearly by we get K = 0. 
By if = 0, (jM)) has the following equivalent form 

A 2 (cv 2 + fc/3 2 ) + 3/3 2 (r 00 - 2fc/3s ) 2 = 0, (35) 



G 



where A2 is a polynomial in (y l ). So (|35l) implies 

r 00 = 2kf3s + n{a 2 + k/3 2 ), (36) 
where fi — fj,(x) is a scalar function. Now plug (j3"6")l into ([15)) and then we have 

P = „-^. (37) 

So P is a 1-form and thus G l = Py 1 are quadratic, which shows F is Berwaldian. Plus 
K = 0, F is locally Minkowskian. So we have P = and thus again by (j37|) we have 



P= b 2 ' ( 38 ) 

4 The second class in Theorem 12.11 

In this section, we study the property of the (a, /3)-metric determined by (IT6"|) . p7|) and (IT5|) 
in Theorem 12. II 



Proposition 4.1 Le£ F be an n- dimensional (a, f3) -metric given by 116]) which is projec- 
tively flat with constant flag curvature K . Suppose f3 is not parallel with respect to a. Then 
we have a\ — 0, K = 0. 

Proof. The projective factor P is given by (fl"9")l . By (TT7)) we get 

r 00 = 2t(to6 2 - (m + 1 + kb 2 )s 2 )a 2 . (39) 

By (HHD we get 

2 

a := a x ky k = a ir y r — G l a = 2rs(ks 2 - m)a 2 + 2pa. (40) 
a 

Now it follows from (HSl). (l39t and J2D1) that there holds 



^ = _£5* + r °° + 26 ' G " = -2™.s 2 (l + fc s 2 ). (41) 
a a 



(42) 



The function 0(s) in (fl6|) satishcs 

„ _ (ks 2 - m)((j> - s(j)') 
9 s 2 (l + fcs 2 ) 

Then plug (O, (|30" ]) -(|35 ]) into (dJ) and we obtain 

Ka 2 (f> 2 = p 2 - poo + (m+l)(r - (m + l)sr 2 a) sa + 3 ^ - s 2 (l + fcs 2 ) 2 r 2 a 2 

(f> z 

+ - s(l + ks 2 ) [2(771 - l)r 2 sa - t 1 a, (43) 

where 
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To deal with (14"5)) , we choose a special coordinate system at a point as that in [TT]. At 
a fixed point x a , make a change of coordinates: (s,y A ) h-> (y 1 ,^" 4 ) by 



where a = \/Xm=2 (y 4 ) 2 . Then 



6 " R bS ~ 

a, p — = a 

' " /To o 



V& 2 - s 2 

We get 

where p := pa2/ A , Pio := PiaV A , Poo ■= PabV A V B , f ■= r A y A . 

Under the local coordinate system (s, y A ), f4"5)l can be written in the form Aa 2 +Ba+C = 
0. So we have Aa 2 + C = and 5 = 0. By Ac? + C = we have 

Po - Poo = <5a 2 , (46) 
36 2 tV(1 + ks 2 ) 2 ((/) - s(/)') 2 + bs 2 (l + ks 2 ) [2(m - l)6r 2 - n] 0(0 - s<f>') 

-Kb 2 ^ + { [(m + 1)671 - (m + l) 2 6 2 r 2 + /i - <5] < 2 + & 2 (5}(/> 2 = 0, (47) 

where 6 = <5(;r) and = p,(x) := p\ — p\\ are some scalar functions. 

We consider (|47)l . Plug the Taylor expansion of (fTB) into (|47|) and let be the coefficients 
of s l in (1471) . 



Case I: Assume <zi 7^ 0. We will show this is impossible. 
Firstly we have 5 = from pi = 0. Then p^ = gives 

/i = (m + l) 2 6 2 r 2 - (to + l)6ri + fo 2 a 2 ivr. (48) 

Plug (5 = and (|48)) into p m +3 = and we obtain 

x, 9 2ba 2 K ... 
Ti = 2 to - l)6r 2 + 1 —. 49) 

TO — 1 

Plug (HU), (5 = 0, (gSJ) and 0SJ into (gTJ) and then it is clear that p 2m +2 = gives 

^=^^r 2 , (50) 

and P3, n +i = gives K = 0. Thus we have r = from (|50)l . Then by (fT?)) we get a 
contradiction. 

Case II: As shown above we have a\ — 0. Then p2 m = gives 5 = 0. Plug 5 = into 
P2m+2 = and we have 

fi = Amb 2 T 2 ~ 2m6ri. (51) 
Now plugging 5 = and fnj into (g7J) yields If = 0. Q.E.D. 
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5 The third class in Theorem 12.11 

In this section, we study the property of an (a, /3)-metric determined by ((20]) . (|2Tj) and ([22 
in Theorem 12. II 



Proposition 5.1 Let F be an n- dimensional (a, /3) -metric given by the 4>(s) in h2U\) which 
is projectively flat with constant flag curvature K . Then we have K = and F is locally 
Minkowskian. 

Proof. The projective factor P is given by (|2"3")) . By (|2"T|) we get 

n i ,2 , ■> ,^2\ 2 2(m+l + 2kb 2 ) ,. 

r 00 = 2r(m6 2 - (m + 1 + kb 2 )s 2 )a 2 - J sas . 52 

(m — l)tr 

By ([22]) we get 

,2 2(kp 2 - m a 2 )[(m-l)Tb 2 (3 + So ] 

a a := a xk y = a„y -G a = 2pa H — ^. 53 

a (m — l)b z a 

Now it follows from ||22J(, © and ([S3} that 

fc s« ^0 + 26^ 2/3( a 2 + ^ 2 )[(m-l)r6 2 /3 + So ] 

= + = -, 7T72 3 • (54) 

Then plug (J20J) , (|23j, <J53]) and fl5l) into ([TT]) and we obtain 

(m - l) 2 6 4 K/3 2m (a 2 + fc/3 2 ) 1 -™ + A) = 0, (55) 

where Aq is a polynomial in (y l ). Since m ^ 0, 1, clearly we get A" = from (1551) . Further, 
we conclude that F is Berwaldian since by (|2"3"|) . the projective factor P is a 1-form. Thus 
F is locally Minkowskian. Q.E.D. 

6 The fourth class in Theorem 12.11 

In this section, we study the property of the (a, /3)-metric determined by (fM|). (|2"5)) and ([2"B")) 
in Theorem O 

Proposition 6.1 Lei _F = a<f>(s), s = /3/a, be an (a, P)-metric on an open subset U of the 
two-dimensional Euclidean space R 2 . Suppose that /3 is not parallel with respect to a and 
F satisfies \2I$ , h25}) and \26\) with constant flag curvature K . Then we have one of the 
following cases: 



(i) (j> is given by 

0( s )= s -(l-f!)^\ (56) 

In this case, we have K = 0. 

(ii) <j> is given by 

<Ks) = ^^{bVl-ks 2 - Vb 2 -s 2 }, (57) 

where k ^ 1/b 2 . 
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(iii) (j) is given by 



Ab 2 (bVl-ks 2 - Vb 2 -s 2 ) 2 , 



where k ^ 1/b 2 . In this case, we have K = 0. 

Proof. The projective factor P is given by (|2~T)) . By (f25j) and (j2"6")l we get 

2s r 2(m - 2 + fci 2 )s 1 k 2s(fcs 2 - 1) 

?"oo = --nr as o, ct x ky = ■ - 



6 2 u ' * * I (m-l)& 2 J x if ( m _i) 6 2 

It follows from (|24| that ^>(s) satisfies 

+ (6 2 - s 2 )0" _ m- 1 
S0+ (fe 2 - s 2 )0' ~~ s(l - /fcs 2 )' 

Now substitute (|59")l and ([50)1 into (fTTj) and we obtain 

„ o jO 9 ^ o 3(/cS 1) . //\2 2 

KOL <f> = P - POO + ^5oo - p^O + (m _ 1)2fe 4 2 ~ ^ ) S 

fcs 2 -l r 2(/c6 2 s 2 - 2s 2 + b 2 ) 



(60) 



1 r 2{kb z s 2 -2s 2 + V) 2 o ^ ,,, 



(m-l)6 2 0l uu 6 2 (6 2 -s 
(1 - m + 2kb 2 )s 2 + (to - 3)6 



2 



(m-l)(6 2 -s 2 )6 4 
where poo and 5*00 are defined by 



< (61) 



I, dpi dpj , l,3si 9sj. oii 

^ := 2fe + ^ ) ' ^^W^' ^ := 2fe + 9? ) ' 5oo:=5tfWW». 

Since the dependence of on s is not clear, we choose a special coordinate system (s, y 2 ) at 
a fixed point that in Section [H 

Under the local coordinate system (s,y 2 ), put p and poo as in (|45| and 

Sns 2 _ 2 2s5i _ . o 
Joo = 7^ ,Q! H t= o; + ,boo- 



6 2 - s 2 V& 2- 



2 



Substitute them into (|6"Tj) and then (jBTj) can be written in the form 

Aa 2 + Ba + C = 0, (62) 

where A,B,C are some polynomials in (y 2 ). By (|62|) we have Aa 2 + C = and B = 0. 
Since F is two-dimensional, Aa 2 + C = can be written as 



3(6 2 - s 2 )(l - ks 2 y{4» - s<p') 2 s 2 2 - (1 - fcs 2 ) j [(2fc& 2 + 6 2 - to& 2 - A)s 2 2 
+(m - l)6 2 (2p 2 s 2 + v + Sn)] « 2 + b 2 {mb 2 - b 2 + 2)s 2 

-(to - l)& 4 (2p 2 s 2 + v)}(f>{<P ~ stf) + (m - 1)0 2 | [(2fc& 2 - to6 2 + 6 2 - m + l)s% 
+(m - l)fe 2 (2p 2 s 2 + 17 + Su + fe 2 /i - 6 2 <5)]s 2 + 6 2 (mfe 2 - b 2 + m - 3)s2 
-(m - l)6 4 (2p 2 s 2 + Kb 2 4> 2 +n- 6 2 5)} = 0, (63) 
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where 

V>~ Pl~ Pll, 5:=p 2 2 -p 2 2, V = S 2~ S 22, 

Put 

cf>(s) = s m + a rn+2 s m+2 + a m+i s m+4 + a m+6 s m+6 + a m+s .s m+8 + o( S m+8 ), (64) 
and plug it into . Then we obtain 

(to- l)(mkb 2 + 2) _ (to 2 - l)[mkb 2 {mkb 2 + 2kb 2 + 4) + 8] 

— 77 x, 2 , Om+4 — 77 77777 7773 7 (65) 

2(to + 2)ct 8(to + 2)(to + 4)o 4 

a m+6 = W + f { (TOfcfr 2 + 4fcfr 2 + 6)a m+4 - (to + l)fca m+2 } , (66) 
6(to + 6)o 2 k J 

a m+8 = m + { (to/c6 2 + 6fcb 2 + 8)a m+6 - (to + 3)fca m+4 | . (67) 
8(to + 8> w 1 



Substitute into (p3"j) and let be the coefficients of s J in Then we can easily get 

p 2 m and p2m+2 (m > 2), P2m+i (m > 3), p 2m +6 ("i > 4) and p 2m+ 8 (m> > 5). Here we omit 
their expressions. 

Case I: Assume k — 1/b 2 . Plug k = l/b 2 into (|60|) and then solving it gives 

^) = S m (l-^)^. (68) 
Plug fc = l/b 2 into = and P2m+2 = and we have 

/i = -|Sn, 5=7^[6 2 (r7 + 2p 2 s 2 )-(2 + 6 2 ) S 2 ]. (69) 
Substitute k = l/b 2 , j68j and fl^ into (|63j) and we easily get K = 0. 
Case II: Assume fc ^ l/b 2 . We will show to = 2 or to = 4. 

Case II (A): Suppose to > 5. This case will show a contradiction. 
Solve the system p 2m = 0, p 2 m+2 = 0, p 2m +4 = 0, p 2m +6 = 0, and by using flBSJl and 
we get 



_ 48(fr 2 fc-l) 2 _ (to-2)(5to 2 + 3to-32) 2 
M_ (TO + 2) 2 fe 4S2 ' (to 2 -1)(to + 2)6 4 S2 ' 1 j 



_ (1 - fc6 2 )(TO 3 + 41to 2 - 10to + 40) 2 
11 ~ 2(to 2 -1)(to + 2) 2 & 2 S2 ' (71) 

r 9to 3 + to 2 — 42to + 56 T 9 „ 
' = I 1 + 2(TO 2 -l)(TO + 2) b 2 I 52 - 2 ^ (?2) 

Substitute (IT0"l) - (jT2")) into p 2 m+8 = and by using (|o3)) ~ (l57|) we obtain s 2 = 0, which 
contradicts with that /3 is not parallel. 

Case II (B): Put to = 3. This case is also a contradiction. 
Likely, we can first get p.,6,r] and Sn by solving the system 

p 6 = 0,p s = 0,Pw = 0,pi2 = 0. 
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Then plugging them into pn = yields 



6125 



•» - w^W Kbl °- (73) 

Finally, we obtain K = by pig = 0, where we need (pj)) (IBTf (m = 3) and 

a m+w = in , m+ 7 n ., 9 {{mkb 2 + 8kb 2 + 10)a m+8 - (m+ 5)fea m+6 }, (m = 3). 
10(to + 10)tr k J 

Thus we get a contradiction by (|73|) and = 0. 

Case II (C): Put m — 2. This case gives Proposition 16- llf ii) since the ODE (|60)) with 
m = 2 gives (|57|) . 

Case II (D): Put m — 4. This case gives Proposition I6. lf iii) since the ODE (|60p with 
m = 4 gives (l58l). 



7 The fifth class in Theorem [2J] 

In this section, we study the property of the (a, /3)-metric determined by (|2"5|). (|2H)) and 
in Theorem I2.ll Note that in Theorem I2.1f v). if k\ — k% = 0, then Theorem I2.1f v) is a 
special case of Theorem I2.1f iii) with m = — 3. So we only need to assume k\ — fcf 7^ in the 
following proposition. 

Proposition 7.1 Let F = ki(3 + 2k2d 2 / (3 + a 4 /(3 3 with ki — k\ ^ be a two-dimensional 
(a, ft )-metric which is projectively flat with constant flag curvature K . Then we have K = 
and F is locally Minkowskian. In this case, a is flat and (3 is parallel with respect to a. 

Proof. The projective factor P is given by ([31]) . Similarly as the discussions in the 
above classes, by ([2T)]) we can get the expressions of r o and r , and by (f3"0)) we can get the 
expressions of 

k r 2 „, k sa o roo + 2biG l a 

a :=a x ky = a ir y —G a , s x ky = 1 

a a a 

Then plug them together with ([28} and (|3T|) into (fTTj) and thus (fTTj) can be firstly written 
in the following form 

- 6AKb 4 (l + k 2 b 2 fa 1& = 0, (74) 

where A\ is a homogeneous polynomial in (y % ). Clearly by ([74| we get K — 0. By _ftT = 0, 
(|74|) has the following equivalent form 

A 2 (a 4 + 2k 2 a 2 f3 2 + k^ 4 ) + 48(1 + k 2 b 2 )(3 4 (a 2 + k 2 p 2 ) 4 T 2 = 0, (75) 

where A 2 is a homogeneous polynomial in (y l ) and T is defined by 

T := b 2 s a 2 + [86 2 r(l + k 2 b 2 )(3 - (2 + fc 2 fe 2 )s ] /3 2 . 

Since fci ^ it is easy to show that (a 2 + k 2 (3 2 ) 4 and a 4 + 2k 2 a 2 fi 2 + fci/3 4 have no common 
factor. Thus a 4 + 2k 2 a 2 2 + kx/3 4 must be divided by T and so we get T = 0. Now by 
T = and the definition of T, we easily show that 

s =0, r = 0. 

Further, the second formula in (|13[) always hold in two-dimensional case. So we have S{j — 
by Si = 0. Thus (i is parallel with respect to a. Q.E.D. 
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8 Proof of Theorem D 



Let F = /3™ l a 1_m be an m-Kropina metric (to ^ 0, 1). For the case to ^ —1, the conclusion 
has been proved under weaker condition that F is only assumed to be Douglasian if n = 2 
(see [T5]) and F is only assumed to be locally projectively flat if n > 3 (see [U]). Therefore, 
we only need to assume m = — 1, that is, -F is a Kropina metric. 

By the proof in Section^ we have (|31)|) and (f3"5|) with fc = 0. Then F is locally projectively 
flat with constant flag curvature if and only if 



2 biSj bjSi 
r o = m , Sij = — 2 , (76) 



Gl = ri-^V-p, (77) 
P = (78) 

Next we apply a useful deformation on a and /3 to obtain the local expressions of a and /3 
based on (^-((TSl). Define 

5:= -a, P--=^P- (79) 

In [17] and [18] we define a deformation applied to m-Kropina metric as follows 

5:=b m a, p-.^b" 1 - 1 ?. 

When m — — 1, the above becomes (|79]l . Under the deformation (f79|) . by (|76j) -([78" l) . we 
obtain 

r y = 0, s zj =0, G 4 = 0. (80) 

Therefore, by (J5DJ) we conclude that a is flat and (3 is parallel with respect to a. Now put 
?7 := 6 2 , and then we get ([9]) with to = —1. Q.E.D. 
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